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Entanglement reciprocation between atomic qubits and entangled coherent state
Ling Zhou, Guo-Hui Yang
Department of Physics, Dalian University of Technology, Dalian 116024, P.R.China
Introducing classical fields, we can transfer entanglement completely from discrete qubits into
entangled coherent state. The entanglement also can be retrieved from the continuous-variable
state of the cavities to the atomic qubits. Via postselection measure, atomic entangled state and
entangled coherent state can be mutual transformed fully.
PACS numbers: 03.67.Mn, 42.50.Dv, 42.50.Pq
I. INTRODUCTION
Entanglement transfer between qubits and continuous-
variable systems is an key step in constructing quan-
tum network. There are several proposals to construct
a quantum network [1, 2, 3, 4]. In Kraus [2] recent
scheme, quantum network can be established by using
photons to entangle atoms which are located at different
nodes for storing quantum information. Under two-mode
squeezed vacuum environment, the entanglement of two-
mode squeezed light is transferred into atoms. Most re-
cently, Lee[3] put forward a proposal reversely, which use
continuous-variable state to store memory. This scheme
has its advantages. Because of the infinite dimensions of
their Hilbert space, it is believed that multidimensional
state can store entanglement memory much more than
one ebit [5]. In the two ways of quantum network, high ef-
ficiency transfer between qubits and continuous-variable
state are both important. Therefore, a lot of efforts have
been devoted to enhance dynamic entanglement trans-
fer efficiency[5][6][7][8][9]. Serafini [5]presented strate-
gies to enhance the dynamic entanglement transfer from
continuous-variable to finite-dimensional systems by em-
ploying multiple qubits. Paternostro[6] showed how the
quantum correlations initially present in the driving field
play a critical role in the entanglement transfer from
Gaussian state to qubit. Zou [7] studied the possibility
of entangling two separable and mixed qubits by local
interaction with the two-mode nonclassical field state.
In this paper, we introduce two classical fields to drive
two atoms. It is found that the entanglement of two
atoms can be transferred into entangled coherent state
with one hundred percent efficiency. We also can re-
trieve the entanglement from the continuous -variable
state to the atomic qubits with maximum entanglement.
Via postselection measure, atomic entangled state and
entangled coherent state can be mutual transformed com-
pletely. The scheme can be realized in cavity QED sys-
tem.
II. THE THEORY AND THE SCHEME
DESCRIPTION
We assume that the quantum network is established by
using two entangled atoms to deposit information in their
cavities or two non-entangled atoms to retrive informa-
tion from the two entangled cavity fields. We consider
that two identical atoms interact with two separate cav-
ities A and B while the two atoms are driven by two
classical fields. In the Hilbert space ℜ, the Hamiltonian
of the total system is
H =
∑
j=1,2
Ωj(σj + σ
†
j) + λj(a
†
jσj + ajσ
†
j), (1)
where Ωj is the Rabi frequency of two classical fields, and
λj is the coupling between the cavities and the atoms. aj
and a†j are the annihilation and creation operators for the
two cavities, respectively. σj = |g〉jj〈e| and σ†j = |e〉jj〈g|
are transition operators of the two atoms where |e〉 and
|g〉 stand for the excited and ground states of the atoms.
Because usually the classical field is very stronger than
the quantum field, we will take classical field as main
part and take the quantum field as perturbed term. This
strategy has been used in [10]. In order to to perform
a unitary transformation easily, we sort the Hamiltonian
as
H0 =
∑
j=1,2
Ωj(σj + σ
†
j) (2)
HI =
∑
j=1,2
λj(a
†
jσj + ajσ
†
j) (3)
Changing the atomic bare-state basis into dressed-state
basis, i.e.,
|±j〉 = 1√
2
(|gj〉 ± |ej〉, (4)
and performing the unitary transform U0(t) = e
−iH0t
on HI , in strong driving regime Ω1(Ω2) ≫ λ1(λ2), we
can realize a rotating-wave approximation and eliminate
high frequency term as it was done in [10]. After the
transformation, in the new Hilbert space ℜ′, the effective
Hamiltonian is
Heff =
∑
j=1,2
λj
2
(|+j〉〈+j | − |−j〉〈−j |)(a†j + aj). (5)
In next section, we will use the effective Hamiltonian to
calculate the entanglement transfer.
2III. ENTANGLEMENT TRANSFER FROM
QUBITS TO ENTANGLED COHERENT STATE
We assume that initial state of the two cavities are
both in vacuum state while the two atoms are in maximal
entangled state, that is, the initial state of the system is
as
|Ψ(0)〉 = 1√
2
(|eg〉+ |ge〉)|0, 0〉 (6)
Now, we want to deposit the atomic entangled informa-
tion into the field state and let the two entangled atoms
enter into their cavities separately. The evolution of the
system state under the Hamiltonian Eq.(5) can be de-
duced as
|Ψ(t)〉 = 1√
2
(|+,+, α1, α2〉 − |−,−,−α1,−α2〉), (7)
where αj = − iλjt2 . Note that here |Ψ(t)〉 in Eq.(7) is
not normalized state. We change the atomic basis into
the bare atomic basis {|ei〉, |gi〉} and inverse the unitary
transformation. Thus, the state of the system in the
space ℜ can be rewritten as
|Ψ(t)〉 = 1
2
√
2
[|gg〉(eiut|α1, α2〉 − e−iut| − α1,−α2〉)
+|ge〉(eiut|α1, α2〉+ e−iut| − α1,−α2〉)
+|eg〉(eiut|α1, α2〉+ e−iut| − α1,−α2〉)
+|ee〉(eiut|α1, α2〉 − e−iut| − α1,−α2〉)], (8)
where u = Ω1 + Ω2. The state in Eq.(8) is still not nor-
malized. When the atoms come out from the two cavi-
ties, we use level-selective ionizing counter and detect the
atomic state. If the internal state of atoms are detected
at any of the states |ee〉, |eg〉, |ge〉, |gg〉, the state of the
two-cavity fields are projected into
|Ψ(t)〉f± = 1√
M±
[euti|α1, α2〉 ± e−uti| −α1,−α2〉], (9)
where
M± = 2[1± cos 2ut exp(−2|α1|2 − 2|α2|2)]. (10)
Here the state in Eq.(9) is normalized. One can see that
the atomic entangled state is completely transferred into
the two cavity entangled coherent state if the state in
Eq.(9) state is a maximal entangled one. We recall that
the concurrence of state can be used to estimate the en-
tanglement for such a state [11, 12]. The concurrence[13]
of a state is defined as C = max(0, 2maxχi −
∑4
i=1 χi)
where χi is the square roots of the eigenvalues of the ma-
trix R = ρ(σy1 ⊗ σy2)ρ∗(σy1 ⊗ σy2) and σyi is Pauli matrix.
The concurrence of the state generated from our system
(Eq.(9)) is
C =
√
[(1− exp(−4|α1|2)][(1− exp(−4|α2|2)]
1± cos 2ut exp(−2|α1|2 − 2|α2|2) (11)
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FIG. 1: The entanglement in two-mode fields state, where
λ1 = λ2 = 1, Ω1 = Ω2 = 20.
where +(−) correspond to +(−) in Eq.(9). Due to
the factor u , the entanglement of state Eq.(9) is dif-
ferent with the state 1
N±
(|α, α〉± |−α,−α〉) [14][15] even
when α1 = α2. In their case,
1
N−
(|α, α〉 − | − α,−α〉) is
exact one ebit and its entanglement is always 1 while
1
N+
(|α, α〉 + | − α,−α〉) is maximum state only when
α → ∞. In our case, we find there is little difference
between the two state. If we see the state in space ℜ′
our state is exact the same with theirs. When we mea-
sure entanglement in space ℜ, we need to use the form of
Eq.(9). Its Concurrence is show in Fig.1 where we choose
negative in Eq.(11) and all the parameters are dimen-
sionless. Fig.1 show that Concurrence exhibits a rapid
oscillation during a section of starting time which results
from the classical field oscillation. After the time evo-
lution section, Concurrence achieves its maximum value
1 and the state is a maximum entangled state. This is
because the quantity of |αj | = λjt2 is increased with time
t evolution. If the quantity of αj is large enough, i.e.,
〈αj | − αj〉 = exp(−2|αj |2) = 0, Concurrence in Eq.(11)
will be maximum value 1 and the state of Eq.(9) will be a
ebit state. Thus with time evolution, the two-mode field
will be a maximum entangled state so that the entan-
glement in qubit is completely transferred into two-mode
fields state.
IV. ENTANGLEMENT RETRIEVAL FROM
ENTANGLED COHERENT STATE TO QUBITS
We have transferred a maximal entanglement to a two-
cavity fields completely. Next, we will retrieve the de-
posit entangled information from two-cavity fields, that
is, entanglement transfer from two -cavity fields to atomic
state. We assume the two-cavity fields now are entangled
coherent state with Eq.(9) form which is produced by the
above procedure. Now the two atoms in their ground
state |gg〉 enter into their cavity separately. So, in space
3ℜ the initial state of the system is
|Ψ(t)〉 = 1√
M±
[euti|α1, α2〉 ± e−uti| − α1,−α2〉]|gg〉.
(12)
where αj = − iλjt2 is a pure complex number which is
exact what we deposit during the process of transfer from
qubit to fields. The state evolution of the system still
obey
U(t′) = U+0 (t′)e−iHeff t
′
U0(t) = U
+
0 (t
′−t)e−iHeff t′ (13)
The evolution will give us state in space ℜ. We assume
t′ = t, which means we will use the same time to retrieve
it back when we use time t to deposit it in two-cavity
fields. This strategy had been used in [3]. The condi-
tion unitary evolution operator now is U(t′) = e−iHeff t′ .
Consider the values of αj is pure complex number, after
some calculation, we obtain the state of the system at
evolution time t′ as
|Ψ〉 = [|+,+〉(eiut|α1 − i
2
λ1t
′, α2 − i
2
λ2t
′〉
±e−iut| − α1 − i
2
λ1t
′,−α2 − i
2
λ2t
′〉)
+|+,−〉(eiut|α1 − i
2
λ1t
′, α2 +
i
2
λ2t
′〉
±e−iut| − α1 − i
2
λ1t
′,−α2 + i
2
λ2t
′〉)
+|−,+〉(eiut|α1 + i
2
λ1t
′, α2 − i
2
λ2t
′〉
±e−iut| − α1 + i
2
λ1t
′,−α2 − i
2
λ2t
′〉)
+|−,−〉(eiut|α1 + i
2
λ1t
′, α2 +
i
2
λ2t
′〉
±e−iut| − α1 + i
2
λ1t
′,−α2 + i
2
λ2t
′〉). (14)
Substitute αj = − iλjt2 and t = t′ into Eq.(14) and rewrite
the state as
|Ψ〉 = |+,+〉(eiut′ | − iλ1t′,−iλ2t′〉 ± e−iut
′ |0, 0〉)(15)
+|+,−〉(eiut′ | − iλ1t′, 0〉 ± e−iut
′ |0, iλ2t′〉)
+|−,+〉(eiut′ |0,−iλ2t′〉 ± e−iut
′ |iλ1t′, 0〉)
+|−,−〉(eiut′ |0, 0〉 ± e−iut′ |iλ1t′, iλ2t′〉).
In order to improve the degree of entanglement trans-
fer to the atoms, postselection measure on the fields is
needed. This procedure is similar to what we have de-
tected on the atomic state so as to get a pure two–cavity
fields. Here, one can see clearly from Eq.(15) that we will
have seven different kinds of cavity fields.
A. Project with P = |0, 0〉〈0, 0|
If we project the two-cavity fields with P = |0, 0〉〈0, 0|
(means we detect the cavity fields as |0, 0〉), the measure
on fields results in the atomic state as
|Ψ〉 = (p1|++〉+ p2|+−〉+ p3| −+〉+ p4| − −〉) (16)
where
p1 = e
− (λ1t
′)2
2 −
(λ2t
′)2
2 +iut
′ ± e−iut′ , (17)
p2 = e
− (λ1t
′)2
2 +iut
′ ± e− (λ2t
′)2
2 −iut′ ,
p3 = e
− (λ2t
′)2
2 +iut
′ ± e− (λ1t
′)2
2 −iut′ ,
p4 = e
iut′ ± e− (λ1t
′)2
2 −
(λ2t
′)2
2 −iut′ .
On the bare atomic basis, the state is
|Ψ〉a = N(Agg |gg〉+Age|ge〉+Aeg|eg〉+Aee|ee〉) (18)
where
Agg = (p1 + p4 + p2 + p3), (19)
Age = (p1 − p4 − p2 + p3),
Aeg = (p1 − p4 + p2 − p3),
Aee = (p1 + p4 − p2 − p3),
N =
1√
A2gg +A
2
ge +A
2
eg +A
2
ee
.
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FIG. 2: The atomic entanglement change with time, corre-
sponding to positive in Eq.(12). Time here means for different
entangled coherent state αj we need use corresponding time
to retrive it. The parameters are λ1 = λ2 = 1, Ω1 = Ω2 = 20.
We still use the concurrence to estimate the entangle-
ment Eq.(18) state. The Concurrence of the state is
C= 2N2
√
|AeeAgg|2 + |AegAge|2 −A (20)
with A = AeeAggA
∗
geA
∗
eg +A
∗
eeA
∗
ggAgeAeg.
The atomic entanglement is shown in Fig.2. One still
can see the oscillation resulting from classical field Ω1
and Ω2. Excepting short time section, the entangle-
ment will be maximum value when time t is longer.
We can understand it from the analytic expression Eqs.
(17)-(19). If λ1 = λ2 and large t, p2 = p3 = 0 and
4p1 = ±e−iut′ , p4 = eiut′ . For positive case, the atomic
state is |Ψ〉 = cosut′(|gg〉 + |ee〉) − i sinut′(|eg〉 + |ge〉)
which is a always maximal entanglement state. By choos-
ing ut′ = npi or ut′ = npi2 , one can obtain Bell state
|Ψ〉a = 1√2 (|ge〉 + |eg〉) or |Ψ〉a =
1√
2
(|gg〉 + |ee〉). Al-
though during short time section, Concurrence is not the
maximum value. But it does not mean the entanglement
can not be completely transferred. Notice Fig.1 short
time section, the amplitude of the fields during this in-
terval is small and the entanglement do not achieve its
maximum value. So, we can not retrieve a maximum
entanglement if the two-mode fields do not achieve its
maximal entanglement. It is easy to see from Eq.(15)
that the probability of this projection is 25%.
B. Other Projections P = | ± iλ1t
′, iλ2t
′〉〈±iλ1t
′, iλ2t
′|
Except the projection of P = |0, 0〉〈0, 0| , we still have
other six projections. If project the two-cavity fields with
P = | − iλ1t′,−iλ2t′〉〈−iλ1t′,−iλ2t′| (means we detect
the cavity fields as | − iλ1t′,−iλ2t′〉), we have
p1 = e
iut′ ± e− (λ1t
′)2
2 −
(λ2t
′)2
2 −iut′ , (21)
p2 = e
− (λ2t′)22 +iut′ ± e− (λ1t
′)2
2 −2(λ2t′)2−iut′ ,
p3 = e
− (λ1t
′)2
2 +iut
′ ± e− (λ2t
′)2
2 −2(λ1t′)2−iut′ ,
p4 = e
(λ1t
′)2
2 −
(λ2t
′)2
2 +iut
′ ± e−2(λ1t′)2−2(λ2t′)2−iut′ .
For this case, the entanglement transferred is shown in
Fig. 4 line a. During short evolution time, we can obtain
a little entanglement. For large time t, p1 = e
iut and
p2 = p3 = p4 = 0. Thus, |Ψ〉a = 12 (|g〉 + |e〉)(|g〉 + |e〉)
is a direct product state for positive case. We fail to
transfer entanglement. What we get is just to pumping
the atomic state from |g〉 to superposition |g〉+ |e〉) and
obtain larger amplitude of the field iλjt
′(first transforma-
tion the amplitude is ( iλjt
′/2). If project the two-mode
fields with P = |iλ1t′, iλ2t′〉〈iλ1t′, iλ2t′|, the atomic en-
tanglement behavior is almost the same.
With the projection P = |−iλ1t′, 0〉〈−iλ1t′, 0|, we have
p1 = e
− (λ2t
′)2
2 +iut
′ ± e− (λ1t
′)2
2 −iut′ , (22)
p2 = e
iut′ ± e− (λ1t
′)2
2 −
(λ2t
′)2
2 −iut′ ,
p3 = e
− (λ1t′)22 −
(λ2t
′)2
2 +iut
′ ± e−2(λ1t′)2−iut′ ,
p4 = e
− (λ1t
′)2
2 +iut
′ ± e−2(λ1t′)2− (λ2t
′)2
2 −iut′ .
The transferred entanglement is plotted in Fig.3 line b.
At this case, because the cavity mode 2 is projected with
vacuum state (inverse the mode), so the entanglement in
short time evolution is larger than line a. But, for large
time t, p2 = e
iut and p1 = p3 = p4 = 0. The atomic
state is still a product one |Ψ〉a = 12 (|g〉+ |e〉)(|g〉 − |e〉).
Similarly, we can easy analyze the remaining projection
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FIG. 3: The atomic entanglement change with time, cor-
responding to positive in Eq.(12). Line a and b corre-
spond to postselection P = | − iλ1t
′,−iλ2t
′〉〈−iλ1t
′,−iλ2t
′|,
P = | − iλ1t
′, 0〉〈−iλ1t
′, 0|, respectively.The parameters are
the same with Fig. 2.
P = |iλ1t′, 0〉〈iλ1t′, 0| and P = |0,±iλ1t′, 0〉〈0,±iλ1t′|.
Their behaviors are like the case with the projection P =
| − iλ1t′, 0〉〈−iλ1t′, 0|.
Up to now, we have analyzed all kinds of projections.
We conclude that with the projection P = |0, 0〉〈0, 0|,
we can completely transfer two-cavity entangled coherent
state into atomic state. We can understand it from the
reversible property of quantum mechanics. We produce
entangled coherent state from atomic entanglement and
vacuum cavity mode. Projection with P = |0, 0〉〈0, 0|
means keeping the two-mode still in vacuum state; in this
way the first process is reversed and entanglement will be
retrieved back into atomic state. Other projections can
not make the two-cavity state in its original one so that
entanglement can not be retrieved completely.
V. CONCLUSION
We have considered entanglement transfer between
atomic state and two-mode cavity state. By introduc-
ing two-mode classical fields, entanglement can be trans-
ferred reciprocally. Before our proposal, people try to
use Jaynes-Cummings interaction to extract entangle-
ment from continuous-variable system. Due to the im-
possibility of perfect extraction, Serafini [5] put forward
a strategy by using multiple qubits (atomic cloud). We,
on the other hand, propose a scheme, by employing two
classical fields, which can perfect transfer between atomic
state |Ψ(0)〉12 = 1√2 (|eg〉+|ge〉) and two-cavity entangled
coherent state |Ψ(t)〉f± = 1√
M±
[euti|α1, α2〉 ± e−uti| −
α1,−α2〉]. Because the entanglement measurement of
two-cavity entangled coherent state is very clear and easy,
we do not face the hard problem of quantifying entan-
glement of two-cavity non-Gaussian state. Our entangle-
ment measure quantifying on atomic state and two-cavity
state is accurate. Our scheme is also a good example on
5the transition between microscopic state and macroscopic
state.
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